Optical excitations of deformed AB-stacked graphenes are studied through the gradient approximation. The interlayer atomic interactions induce prominent peaks, shoulder structures, and transition gaps in the low-energy absorption spectra. The uniaxial stress changes the energy spacing at the band-edge states and the Fermi momenta, which reflects on the spectrum peak frequencies and the transition gaps, respectively. These optical characteristics are also influenced by the layer number. Besides, deformation shows some similar and different effects in comparison with electric and magnetic fields. These predicted optical properties can be verified by optical measurements.
I. INTRODUCTION
The few-layer graphenes have attracted a lot of studies recently owing to the successful production by mechanical friction 1,2 and micromechanical cleavage. 3 As a result of the hexagonal symmetry and stacking configurations, they exhibit rich physical properties, such as band structures, [4] [5] [6] [7] [8] electronic excitations, [8] [9] [10] [11] [12] [13] optical absorption spectra, 5, 14, 15 and transport properties. [16] [17] [18] [19] External electric and magnetic fields lead to more characteristic physical properties. As an example, the novel quantum Hall effect [16] [17] [18] [19] is caused by the Landau levels under uniform magnetic fields. Besides, these two-dimensional ͑2D͒ systems might have high potential in nanoelectronic applications. This work pays attention to the deformation effects upon the low-energy electronic structures and optical excitations of few-layer AB-stacked graphenes. The dependency on the interlayer atomic interactions, the layer number and the strength of stress is investigated in detail.
The previous studies have shown that perpendicular electric and magnetic fields significantly affect the electronic properties of few-layer graphenes with AB stacking. In the absence of external fields, these systems have a slight overlap between valence and conduction bands and own strong anisotropy in 2D energy dispersions. 3, 11, 20 Electric fields enhance the subband crossing, change the subband spacing, generate the band-edge states, induce the oscillating bands, and lead to the semimetal-semiconductor transition. 21 As for uniform magnetic fields, the N-layer graphenes reveal the rich Landau levels with important features. There exist N groups of the Landau levels, and each group includes occupied and unoccupied states. Carrier distribution in the 2N sublattices characterizes the Landau levels. 22 Notice that single-layer graphene owns two sublattices. These levels are very different when compared with a 2D electron gas. In addition to electric and magnetic fields, mechanical forces are expected to drastically influence the electronic properties as well.
The above-mentioned electronic properties of ABstacked graphenes directly reflect on the low-frequency optical absorption spectra. Monolayer does not possess any special structures due to its liner energy bands. Multilayer graphenes have shoulder structures in the absence of external fields because of the band-edge states of parabolic bands. The external electric fields turn the shoulder structures into sharp peaks, which mainly owes to the changing band-edge states. 5 The magnetic fields, on the other hand, cause the Landau levels and induce the symmetric pronounced peaks in the delta-function-like form. No simple relation exists between peak frequencies and magnetic fields. However, there are some magneto-optical selection rules. 23 It is discussed whether or not electric fields, magnetic fields, and the mechanical stress lead to differences in the optical properties.
We study the low-energy electronic and optical properties of deformed few-layer AB-stacked graphenes using the tight-binding model and gradient approximation, respectively. This work shows that the deformation induces variations in the Fermi momenta, band-edge states, energy spacing, and energy dispersions, leading to drastic changes in absorption spectra. The interlayer atomic interactions have great effects on the frequencies and intensities of spectrum peaks, and even cause new shoulder structures. Furthermore, the frequency of the most prominent peak strongly depends on the strength of uniaxial stress. The layer number also affects these optical characteristics. Optical spectroscopy measurements can be used to verify these predicted electronic and optical properties. This paper is organized as follows. In Sec. II, the -electronic structures of deformed few-layer AB-stacked graphenes are derived by the tight-binding model. Both the low-energy electronic structures and optical excitations are obtained in Sec. III, in which the strain effects are also discussed. Section IV gives concluding remarks.
-electronic states, which dominate the low-energy electronic properties, are determined by the 2p z orbitals. In comparison with the VASP, which is a first-principles calculation software based on the density functional theory, it takes much less time by this model to calculate the band structures, while the VASP needs enormous time and computer resources when solving wave functions and the density of states, that is, extremely inefficient in obtaining the absorption spectra. Monolayer graphene is made up of hexagonal carbon rings with two sublattices A and B ͑solid and open circles in Fig.  1͒ . N-layer graphene contains 2N sublattices in a primitive cell. The AB-stacked graphene can be obtained by moving the adjacent graphene layers along the armchair direction x by a C-C bond length ͑b = 1.42 Å͒ from the AA-stacked graphene. The interlayer distance is I c = 3.35 Å. In the tightbinding model, the wave function is the linear superposition of the 2N tight-binding functions
where c and v represent the conduction and the valence bands, respectively, and ͉ l ͘ is the tight-binding function of the periodical 2p z orbital in the lth sublattice. When the uniaxial stress ͑s͒ is applied along x, a strain ͑͒ is induced and the positions of carbon atoms change correspondingly. is defined as the ratio of the deformed length to the original length, and it can be predicted by the Young's modulus of grphenes ͑Y ϵ s / Ӎ 1.0 TPa͒. 24, 25 Based on the linear elasticity theory, 26 the relation between RЈ and R can be described by
where RЈ and R, respectively, represent the atom positions with and without deformations. Positive ͑negative͒ represents tension ͑compression͒. The variations in atom positions significantly affect the atomic hopping integrals according to
The intralayer and interlayer atomic interactions are inversely proportional to the square of distance between two different atoms. The intralayer nearest-neighbor atomic interactions are therefore modified
, where ␥ 0 = 2.598 eV. 27, 28 The interlayer hopping integrals of two next-neighboring planes are
two B atoms, and ␥ 4 Ј= ␥ 4 ͑b 
where I is an integer, h 1 = e ik x b͑1+͒ , and h 2
and wave functions ⌿ c,v are obtained through the diagonalization of the Hamiltonian matrix in Eq. ͑3͒.
An electromagnetic field with electric polarization Ê ʈ x is exerted to the deformed AB-stacked graphene. Electrons are vertically excited from the occupied states to the unoccupied states; that is, the initial and the final states have the same k x and k y . The optical selection rules, ⌬k x = 0 and ⌬k y = 0, owe to incident photons with zero momenta. According to the Fermi's golden rule, the optical absorption function is
which is determined by the joint density of states ͑JDOS͒ ͑the first term͒ and velocity matrix element ͑the second
The geometric structure and ͑b͒ the strain-dependent first Brillouin zones for AB-stacked graphenes. 29, 30 It can be approximated as
͑5͒
‫ץ‬H l,l Ј / ‫ץ‬k x includes the intralayer and the interlayer atomic interactions, as seen in Eq. ͑3͒. The former dominate the absorption spectra, since they are much stronger.
III. LOW-ENERGY ELECTRONIC AND OPTICAL PROPERTIES
First, a simple review is given for the low-energy -electronic structure of monolayer graphene, and is followed by a detailed discussion about N-layer AB-stacked graphenes. Single-layer graphene possesses two isotropic linear bands ͓black lines in Figs. 2͑a͒ and 3͑a͔͒ intersecting at the Fermi level; therefore, it is a zero-gap system. The Fermi momentum ͑k F ͒ is located exactly at the K point ͑black arrow͒. Deformation changes the K point and the Fermi momentum. The coordinate of the former moves from
2 ͔͔ ͑red and blue arrows͒. The energy dispersions near the K point remain linear along k y ͓green and red lines in Fig. 2͑a͔͒ , whereas transform into parabolic ones along k x with an energy gap ͓green and red curves in Fig. 3͑a͔͒ . Notice that there is still a linear intersection along k x at k F ͓green and red dashed lines in Fig.  3͑a͔͒ . The isotropy is also destroyed because of the slightly different slopes of the linear bands along k x and k y . As for the Fermi momentum, it varies from ͓2 / ͑3b͒ ,2 / ͑3 ͱ 3b͔͒ to ͕2 / ͓3b͑1+͔͒ , 2 cos
The interlayer atomic interactions have significant influence on the band structures. For instance, the low-energy bands of multilayer graphenes becomes anisotropic. The ABbilayer graphene exhibits two pairs of parabolic energy bands. Without deformation, one pair has overlapping near E F = 0, and the other pair is located at higher energy ͑ϳ Ϯ ␥ 1 ; not shown͒. A semimetallic overlap appears when depicted through the K point along k y ͓black curves in Fig. 2͑b͔͒ ; while along k x , another overlap intersecting at E F is located near the K point ͓black dashed curves in Fig. 3͑b͔͒ . The local maxima in the former are actually the local minima along k x . This means that they are saddle points in the energy-wavevector space, marked by triangle heads in Fig. 2͑b͒ . The deformation causes the band structures to be more anisotropic. Under the uniaxial tension ͑compression͒, the overlapping along k y grows ͑disappears͒ ͓red ͑green͒ curves in Fig. 2͑b͔͒ . The local extreme values are still saddle points ͓triangle heads in Fig. 2͑b͔͒ . These saddle points contribute to the high density of states, resulting in the special structures in the optical spectra. As to the overlapping along k x , it is enhanced and still intersects at the Fermi level when uniaxial compression is applied ͓green dashed curves in Fig.  3͑b͔͒ , but tension causes it to disappear. Meanwhile, the augmentation of deformation increases the energy spacing between the conduction and valence bands at the saddle points. In addition to the saddle points, the Fermi momenta play an important role in the optical excitations as well. The k F 's are determined by the intersections of energy bands and E F . The increasing tension enlarges the spacing between the conduction and valence bands at k F 's ͓red curves in Fig. 2͑b͔͒ . While the increase in compression doesn't open up a band gap, it only changes the slope of the linear bands intersecting at E F ͓green dashed curves in Fig. 3͑b͔͒ . The Fermi momenta are expected to decide the initial threshold frequency of optical spectra, because the vertical excitations of the least energy take place at these states. The 3-and 4-layer AB-stacked graphenes both exhibit two pairs of conduction and valence bands near the Fermi level. The former has one pair of linear bands and one pair of twisted parabolic bands, where more band-edge states exist ͓black curves in Fig. 2͑c͔͒ . The latter has two pairs of parabolic bands, one of which shows twisting as well ͓black curves in Fig. 2͑d͔͒ . The interlayer atomic interactions lead to the different Fermi-momentum states and band-edge states. Some of the band-edge states are saddle points and make important contributions to the special structures of the absorption spectra. Others relate to the local maxima or minima, causing insignificant structures. The effects of uniaxial stress in the case of N = 3 and 4 are similar to those in bilayer graphene, such as, the increasing energy spacing between the conduction and valence bands at the Fermi momenta and saddle points ͓red and green curves in Figs. 2͑c͒, 2͑d͒, 3͑c͒, and 3͑d͔͒. These changes can be seen in optical excitations.
The main characteristics of absorption spectra ͓A͔͑͒ are governed by the JDOS and the velocity matrix element. The JDOS represents the total number of optical excitation channels. In the absence of stress, the JDOS of monolayer graphene increases linearly from zero with the growing ͓Fig. 4͑a͔͒. The uniaxial tension ͑compression͒ increases ͑de-creases͒ the JDOS. It is because the uniaxial tension ͑com-pression͒ results in the smaller ͑larger͒ slope of linear energy bands, inducing more ͑less͒ electronic states and generating more ͑less͒ transition channels. As for the bilayer graphene, the parabolic energy bands exhibit saddle points ͓triangle heads in Fig. 2͑b͔͒ near the K point, which lead to many new excitation channels and a prominent peak in the low-energy JDOS ͓Fig. 4͑b͔͒. Under uniaxial tension, the JDOS is vanishing near ϳ 0, and it keeps almost zero within a frequency range ͓red curve in Fig. 4͑b͔͒ . Such range is defined as the transition gap ͑ tg ͒, the vertical excitation energy between the Fermi-momentum states and the occupied or the unoccupied states, depending on which one is the smallest. That is to say, it is due to the vertical excitation channels between the conduction and valence bands at the Fermi momentum ͓red curves in Fig. 2͑b͔͒ . On the contrary, the JDOS at = 0 and Ͻ0 ͓black and green curves in Fig. 4͑b͔͒ exhibits almost zero transition gaps because the energy bands intersecting near E F provide the low-energy excitation channels ͓black curve in Fig. 2͑b͒ and green dashed curves in Fig.  3͑b͔͒ .
The interlayer atomic interactions in trilayer and tetralayer graphenes induce richer electronic properties, creating more special structures in the JDOS. The former has a prominent peak and a transition gap ͓black curve in Fig.  4͑c͔͒ , owing to the saddle points and the Fermi momenta of the twisted parabolic bands, respectively ͓black curve in Fig.  2͑c͔͒ . Both the peak frequency and transition gap are enlarged by tension and compression. Furthermore, a slight shoulder structure at ϳ 0.02 eV owes to the contribution from the Fermi momenta of the linear bands ͓black curve in Fig. 2͑c͔͒ . For the tetralayer graphene, more than one peak are induced ͓black curve in Fig. 4͑c͔͒ . These pronounced peaks are related to the saddle points, and other minor peaks and shoulder structures come from the local minima or maxima. In the presence of stress, more minor peaks and shoulder structures exist in the JDOS and the uniaxial compression even causes a prominent structure with twin peaks ͓green curve in Fig. 4͑d͔͒ .
The optical spectra have the similar special structures as the JDOS does. However, the velocity matrix element also influences A͑͒ drastically, such as the spectrum intensity. For monolayer graphene, the linear -dependence of A͑͒ relates to that of the JDOS. Compression leads to stronger spectrum intensity than tension ͓green and red lines in inset of Fig. 5͑a͔͒ , as the opposite is true for the JDOS ͓green and red lines in inset of Fig. 4͑a͔͒ . This result clearly illustrates that the velocity matrix element is of great importance concerning A͑͒.
FIG. 4. ͑Color online͒
The JDOS for few-layer graphenes with ͑a͒ N=1, ͑b͒ N=2, ͑c͒ N=3, and ͑d͒ N=4.
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As for multilayer graphenes, A͑͒ is affected significantly by the interlayer atomic interactions. Spectrum intensities are determined by the competition between the JDOS and the velocity matrix element. In the absence of deformation, the bilayer graphene possesses a pronounced peak ͓black curve in Fig. 5͑b͔͒ due to the vertical excitations from the saddle points of the parabolic bands ͓black curve in Fig.  2͑b͔͒ . In addition, such a symmetric peak is divergent in the logarithmic form at the zero broadening width. The parabolic bands intersecting at the Fermi level offer efficient vertical excitation channels near ϳ 0 and, as a result, no transition gap. The trilayer and the tetralayer graphenes exhibit different absorption frequencies and intensities ͓black curves in Figs. 5͑c͒ and 5͑d͔͒. Their transition gaps differ from each other as well. In the tetralayer graphene, the most pronounced peak at ϳ 0.011 eV ͓black curve in Fig. 5͑d͔͒ associates with the second highest JDOS peak ͓black curve in Fig. 4͑d͔͒ . The highest JDOS peak correlates to the shoulder structure at ϳ 0.016 eV, mainly owing to the weaker velocity matrix element.
Deformation leads to great variations in absorption spectra of multilayer graphenes. No simple relation between the uniaxial stress and spectrum intensities, as seen in the monolayer graphene, could be obtained. Deformation enhances the frequencies and the intensities of pronounced peaks. More shoulder structures and minor peaks are generated because of new vertical excitations from the Fermi momenta and the new local minima or maxima, respectively. Compression even creates a prominent structure with twin peaks in tetralayer graphene ͓green curve in Fig. 5͑d͔͒ . The main reason is that the excitation energies from the two saddle points are close but yet distinguishable in A͑͒. Besides, tension induces a transition gap in bilayer graphene ͓ tg ϳ 0.008 eV; red curve in Fig. 5͑b͔͒ for the vertical transitions from the Fermi momenta with nonzero excitation energy. However, A͑͒ remains no transition gap under compression ͓green curve in Fig. 5͑b͔͒ . For trilayer and tetralayer graphenes, tg increases in the presence of stress ͓red and green curves in Figs. 5͑c͒ and 5͑d͔͒ .
The frequency of the most prominent peak ͑ mp ͒ and the transition gap are strongly dependent on strain. Uniaxial stress raises mp ͓red and green curves in Figs. 5͑b͒-5͑d͔͒ through the enhancement of energy spacing at the saddle points ͓red and green curves in Figs. 2͑b͒-2͑d͔͒ . The smallest vertical excitation energy will rise proportionally when the stress grows. For this reason, mp is proportional to ͉͉ ͓Fig. 6͑a͔͒. It also arises with the increase of N. Besides, the stronger deformation enlarges the transition gaps in trilayer and tetralayer graphenes ͓Fig. 6͑b͔͒. With the increasing uniaxial stress, the transition gaps become larger as a result of the bigger energy spacing between the Fermi-momentum states and the occupied ͑or unoccupied͒ states ͓red curves in Figs. 2͑c͒ and 2͑d͔͒. Similar phenomena also take place when raising the uniaxial tension in bilayer graphene. On the other hand, the transition gap almost remains zero at Ͻ0. That the linear bands crossing the Fermi level provides the lowenergy excitation channels ͓green dashed curves in Fig. 2͑b͔͒ accounts for this result. The predicted strain-dependence of absorption frequency could be verified by the experimental measurements on optical spectra.
Under the influence of electric and magnetic fields, the few-layer AB-stacked graphenes have been investigated. Uniaxial stress has analogous as well as diverse effects on the electronic properties and absorption spectra. Electric fields and the stress have similar effects, such as the subband crossing, the changes in subband spacing, and extra band- 
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Lee et al. J. Appl. Phys. 108, 043509 ͑2010͒ edge states. 21 Moreover, the low-energy energy bands become more anisotropic. As for absorption spectra, the most prominent peak presents the divergent logarithmic form at the vanishing broadening parameter. There is no special optical selection rule. However, the magnetic fields induce the isotropic Landau levels and result in the delta-function-like spectrum peaks. Such peaks are much more eminent than the logarithmic ones. They obey certain selection rules; furthermore, the field-dependent absorption frequencies are very complex.
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IV. CONCLUDING REMARKS
This work studies the electronic properties of few-layer AB-stacked graphenes under uniaxial stress by the tightbinding model. The gradient approximation is utilized to calculate the absorption spectra when the graphene is deformed. The interlayer atomic interactions, the layer number, and the uniaxial stress all have great effects on the electronic structures and optical excitations. The frequency of the most prominent peak and transition gap strongly depend on the strain.
Monolayer graphene owns isotropic linear bands in the low energy. The interlayer atomic interactions destroy the isotropy and induce parabolic bands in multilayer ABstacked graphenes. The band-edge states of these parabolic bands, such as the saddle points and the local minima and maxima, lead to special structures in absorption spectra. In the presence of the uniaxial stress, the parabolic bands become more anisotropic. Deformation enhances the overlapping between the valence and conduction bands, changes the energy spacing at the band-edge states, and generates more band-edge states. In addition, the energy spacing at the saddle points and the Fermi momenta is predominated by the stress strength except for the latter in AB-bilayer graphene under compression.
As for absorption spectra, the prominent peaks are induced by the saddle points, and the shoulder structures are related to the local extremes or the Fermi momenta. The transition gap is dominated by the smallest energy spacing between the occupied and unoccupied states at the Fermi momenta. Under the uniaxial stress, the enlarged energy spacing at the saddle points enhances the pronounced peak frequencies, and the one at the Fermi momenta expands the transition gaps. In tetralayer graphene, deformation generates more band-edge states and thus results in the new minor peaks and shoulder structures. Compression causes the prominent twin-peak structure. The layer number affects the frequencies and intensities of pronounced peaks, and creates new shoulder structures. The strain is linearly related to the frequency of the most prominent peak. Also, it is closely connected with the transition gap excluding bilayer graphene under compression. The effects of electric fields are similar to those of the uniaxial stress, such as energy dispersions and special structures in A͑͒. On the contrary, magnetic fields have very different consequences. These predicted results could be demonstrated by optical measurements. 
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